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6.1

Dimensionality Reduction

The complexity of any classifier or regressor depends on the number
of inputs. This determines both the time and space complexity and
the necessary number of training examples to train such a classi-
fier or regressor. In this chapter, we discuss feature selection meth-
ods that choose a subset of important features pruning the rest and
feature extraction methods that form fewer, new features from the
original inputs.

Introduction

IN AN APPLICATION, whether it is classification or regression, observa-
tion data that we believe contain information are taken as inputs and fed
to the system for decision making. Ideally, we should not need feature
selection or extraction as a separate process; the classifier (or regressor)
should be able to use whichever features are necessary, discarding the
irrelevant. However, there are several reasons why we are interested in
reducing dimensionality as a separate preprocessing step:

» [n most learning algorithms, the complexity depends on the number of
input dimensions, d, as well as on the size of the data sample, N, and
for reduced memory and computation, we are interested in reducing
the dimensionality of the problem. Decreasing d also decreases the
complexity of the inference algorithm during testing.

» When an input is decided to be unnecessary, we save the cost of ex-
tracting it.

= Simpler models are more robust on small datasets. Simpler models
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have less variance, that is, they vary less depending on the particularg
of a sample, including noise, outliers, and so forth.

= When data can be explained with fewer features, we get a better ideg
about the process that underlies the data and this allows knowledge
extraction. These fewer features may be interpreted as hidden or laten;
factors that in combination generate the observed features.

m When data can be represented in a few dimensions without loss of
information, it can be plotted and analyzed visually for structure and
outliers.

There are two main methods for reducing dimensionality: feature se-
lection and feature extraction. In feature selection, we are interested in
finding k of the d dimensions that give us the most information, and we
discard the other (d — k) dimensions. We discuss subset selection as a
feature selection method.

In feature extraction, we are interested in finding a new set of k di-
mensions that are combinations of the original d dimensions. These
methods may be supervised or unsupervised depending on whether or
not they use the output information. The best known and most widely
used feature extraction methods are principal component analysis and
linear discriminant analysis, which are both linear projection methods,
unsupervised and supervised respectively. Principal component analysis
bears much similarity to two other unsupervised linear methods, which
we also discuss—namely, factor analysis and multidimensional scaling.
When we have not one but two sets of observed variables, canonical cor-
relation analysis can be used to find the joint features that explain the
dependency between the two. Examples of nonlinear dimensionality re-
duction we cover are isometric feature mapping, locally linear embedding,
and Laplacian eigenmaps.

Subset Selection

In subset selection, we are interested in finding the best subset of the
set of features. The best subset contains the least number of dimensions
that most contribute to accuracy. We discard the remaining, unimportant
dimensions. Using a suitable error function, this can be used in both
regression and classification problems. There are 29 possible subsets
of d variables, but we cannot test for all of them unless d is small and
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we employ heuristics to get a reaso
reasonable (polynomial) time.,

There are two approaches: In forward selection, we start with no vari-
ables and add them one by one, at each step adding the one that de-
creases the error the most, until any further addition does not decrease
the error (or decreases it only slightly). In backward selection, we start
with all variables and remove them one by one, at each step removing
the one that decreases the error the most (or increases it only slightly),
until any further removal increases the error significantly. In either case,
checking the error should be done on a validation set distinct from the
training set because we want to test the generalization accuracy. With
more features, generally we have lower training error, but not necessarily
lower validation error.

Let us denote by F, a feature set of input dimensions, x;,i = 1,...,d.
E(F) denotes the error incurred on the validation sample when only the
inputs in F are used. Depending on the application, the error is either the
mean square error or misclassification error.

In sequential forward selection, we start with no features: F = @. At
each step, for all possible x;, we train our model on the training set and

calculate E(F U x;) on the validation set. Then, we choose that input x;
that causes the least error

nable (but not optimal) solution in

J =argminE(F Ux;)
1
and we
add x;j to F if E(F U xj) < E(F)

We stop if adding any feature does not decrease E. We may even de-
cide to stop earlier if the decrease in error is too small, where there is a
user-defined threshold that depends on the application constraints, trad-
ing off the importance of error and complexity. Adding another feature
introduces the cost of observing the feature, as well as making the clas-
sifier/regressor more complex.

This algorithm is also known as the wrapper approach, where the pro-
cess of feature extraction is thought to “wrap” around the learner it uses
as a subroutine (Kohavi and John 2007).

Let us see an example on the Iris data from the UCI repository; it has
four inputs and three classes. There are fifty instances per class, and
we use twenty for training and the remaining thirty for validation. We
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use the nearest mean as the classifier (see equation 5.26) in sectiop 5

We start with a single feature; the plots of training data using single fea:
tures separately are shown in figure 6.1. Using nearest mean in these
one-dimensional spaces of features one to four lead to validation ac,.
racies of 0.76, 0.57, 0.92, and 0.94, respectively. Hence, we select the
fourth feature (F4) as our first feature. We then check whether adding
another feature leads to improvement. The bivariate plots are shown
in figure 6.2; the corresponding validation accuracies using the neares;
mean classifier in these two-dimensional spaces are 0.87, 0.92, and 0.9¢
for (F1,F4), (F2,F4), and (F3,F4), respectively. Thus the third feature ig
added to as the second feature. Then we check whether adding the first
feature or the second feature leads to further improvement; the valida-
tion accuracies of the nearest mean classifier in these three-dimensiona]
spaces are both 0.94, and hence we stop with the third and fourth fea-
tures as our selected features. Incidentally, using all four features, we
get validation accuracy of 0.94—getting rid of the first two leads to an
increase in accuracy.

Note that the features we select at the end depend heavily on the clas-
sifier we use. Another important point is that on small datasets, the
selected features may also depend on the way data is split between train-
ing and validation data; hence on small datasets, it may be a better idea
to do multiple, random training/validation splits and decide by looking
at average validation performance—we will talk about such resampling
methods in chapter 20.

This process of testing features one by one may be costly because to
decrease the dimensions from d to k, we need to train and test the sys-
temd+ (d—-1)+(d-2)+---+ (d- k) times, which is @(d?). This is a
local search procedure and does not guarantee finding the optimal sub-
set, namely, the minimal subset causing the smallest error. For example,
xi and x; by themselves may not be good but together may decrease the
error a lot, but because this algorithm is greedy and adds attributes one
by one, it may not be able to detect this. It is possible to add multiple
features at a time, instead of a single one, at the expense of more compu-
tation. We can also backtrack and check which, if any, previously added
feature can be removed after a current addition, thereby increasing the
search space, but this increases complexity. In floating search methods
(Pudil, Novovicova, and Kittler 1994), the number of added features and
removed features can also change at each step.

In sequential backward selection, we start with F containing all features
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Figure 6.1 Plot of the training data for single features on Iris dataset; the three
classes are shown with different symbols. It can be seen that F4 by itself allows

quite good discrimination.
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Figure 6.2 Plot of the training data with F4 as one feature, together with one of
F1, F2, and F3. Using (F3, F4) leads to best separation.
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and do a similar process except that we remove one attribute from f as
opposed to adding to it, and we remove the one that causes the least

error
= argmin E(F — x;)

and we

remove x; from F if E(F — x;) < E(F)

We stop if removing a feature does not decrease the error. To decrease
complexity, we may decide to remove a feature if its removal causes only
a slight increase in error.

All the variants possible for forward search are also possible for back-
ward search. The complexity of backward search has the same order of
complexity as forward search, except that training a system with more
features is more costly than training a system with fewer features, and
forward search may be preferable especially if we expect many useless
features.

Subset selection is supervised in that outputs are used by the regressor
or classifier to calculate the error, but it can be used with any regression
or classification method. In the particular case of multivariate normals
for classification, remember that if the original d-dimensional class den-
sities are multivariate normal, then any subset is also multivariate normal
and parametric classification can still be used with the advantage of k x k
covariance matrices instead of d x d.

In an application like face recognition, feature selection is not a good
method for dimensionality reduction because individual pixels by them-
selves do not carry much discriminative information; it is the combina-
tion of values of several pixels together that carry information about the
face identity. This is done by feature extraction methods that we discuss

next.

Principal Component Analysis

In projection methods, we are interested in finding a mapping from the
inputs in the original d-dimensional space to a new (k < d)-dimensional
space, with minimum loss of information. The projection of x on the
direction of w is

z=wlx
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Principal component analysis (PCA) is an unsupervised method in that
it does not use the output information; the criterion to be maximized is
the variance. The principal component is w; such that the sample, after
projection on to wj, is most spread out so that the difference between
the sample points becomes most apparent. For a unique solution and to
make the direction the important factor, we require [|w;|| = 1. We know
from equation 5.14 that if z, = w!x with Cov(x) = %, then

Var(zi) = wlZw,

We seek wy such that Var(z;) is maximized subject to the constraint
that w{w, = 1. Writing this as a Lagrange problem, we have

T
maxwiZw; - a(wliw; —1)
1

Taking the derivative with respect to w; and setting it equal to 0, we
have

2Zw; — 2aw; = 0, and therefore Zw; = aw;

which holds if w; is an eigenvector of X and « the corresponding eigen-
value. Because we want to maximize

wizw; = awfw; = «

we choose the eigenvector with the largest eigenvalue for the variance
to be maximum. Therefore the principal component is the eigenvector
of the covariance matrix of the input sample with the largest eigenvalue,
/\1 = .

The second principal component, w», should also maximize variance,
be of unit length, and be orthogonal to w;. This latter requirement is so
that after projection z» = w{x is uncorrelated with z,. For the second

principal component, we have
rr‘bazxw:{sz —ax(wliwz = 1) = B(wiwi - 0)
Taking the derivative with respect to w> and setting it equal to 0, we
have
2Xwy — 20wz — fw1 =0
Premultiply by w1 and we get

, S
2wlzw, — 2aw{wz — Bpwiwi =0
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Note that wiw; = 0. wl Zw;, is a scalar, equal to its transpose wiZw,

where, because w; is the leading eigenvector of Z, Zw; = A;w,. There.
fore

wiZws = wlsw, = A, wlw, =0
Then B = 0 and equation 6.8 reduces to
ZW2 = XW>

which implies that w, should be the eigenvector of X with the second
largest eigenvalue, A, = «. Similarly, we can show that the other dimen-
sions are given by the eigenvectors with decreasing eigenvalues.

Because X is symmetric, for two different eigenvalues, the eigenvectors
are orthogonal. If X is positive definite (xTZx > 0, for all nonnull x), then
all its eigenvalues are positive. If X is singular, then its rank, the effective
dimensionality, is k with k < d and A;,i =k + 1,...,d are 0 (A; are sorted
in descending order). The k eigenvectors with nonzero eigenvalues are
the dimensions of the reduced space. The first eigenvector (the one with
the largest eigenvalue), wi, namely, the principal component, explains
the largest part of the variance; the second explains the second largest;
and so on.

We define

z=Wl'(x-m)

where the k columns of W are the k leading eigenvectors of S, the esti-
mator to X. We subtract the sample mean m from x before projection
to center the data on the origin. After this linear transformation, we get
to a k-dimensional space whose dimensions are the eigenvectors, and the
variances over these new dimensions are equal to the eigenvalues (see
figure 6.3). To normalize variances, we can divide by the square roots of
the eigenvalues.

Let us see another derivation: We want to find a matrix W such that
when we have z = WTx (assume without loss of generality that x are
already centered), we will get Cov(z) = D where D is any diagonal matrix;
that is, we would like to get uncorrelated z;.

If we form a (d x d) matrix C whose ith column is the normalized
eigenvector c¢; of S, then CTC = I and

S = sccT
= S(CI)CZs---)Cd)CT
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Figure 6.3 Principal component analysis centers the sample and then rotates
the axes to line up with the directions of highest variance. If the variance on z;
is too small, it can be ignored and we have dimensionality reduction from two to
one.

= (Sc1,Scz,...,8¢q)CT

= (A1€1,A2¢2,...,A4¢q)CT
= Aicic] + - - +2Agcach
= ¢pc’

where D is a diagonal matrix whose diagonal elements are the eigenval-
ues, Ay, ...,Aq. This is called the spectral decomposition of S. Since C is
orthogonal and cCT = CTC =1, we can multiply on the left by CT and on

the right by C to obtain
c’sc=D

We know that if z = WTx, then Cov(z) = WTSW, which we would like
to be equal to a diagonal matrix. Then from equation 6.11, we see that
we can set W = C.

Let us see an example to get some intuition (Rencher 1995): Assume
we are given a class of students with grades on five courses and we want
to order these students. That is, we want to project the data onto one
dimension, such that the difference between the data points become most
apparent. We can use PCA. The eigenvector with the highest eigenvalue
is the direction that has the highest variance, that is, the direction on
which the students are most spread out. This works better than taking
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the average because we take into account correlations and differences ip
variances.

In practice even if all eigenvalues are greater than 0, if |S| is small, re-
membering that |S| = 1'[,4=1 Ai, we understand that some eigenvalues have
little contribution to variance and may be discarded. Then, we take into
account the leading k components that explain more than, for example,
90 percent, of the variance. When A; are sorted in descending order, the
proportion of variance explained by the k principal components is

AL+ A2+ -+ Ax
A+A2+ -+ A+ -+ Ag

If the dimensions are highly correlated, there will be a small number of
eigenvectors with large eigenvalues and k will be much smaller than d and
a large reduction in dimensionality may be attained. This is typically the
case in many image and speech processing tasks where nearby inputs (in
space or time) are highly correlated. If the dimensions are not correlated,
k will be as large as d and there is no gain through PCA.

Scree graph is the plot of variance explained as a function of the num-
ber of eigenvectors kept (see figure 6.4). By visually analyzing it, one can
also decide on k. At the “elbow,” adding another eigenvector does not
significantly increase the variance explained.

Another possibility is to ignore the eigenvectors whose eigenvalues are
less than the average input variance. Given that >;A; = 3, s? (equal
to the trace of S, denoted as tr(S)), the average eigenvalue is equal to
the average input variance. When we keep only the eigenvectors with
eigenvalues greater than the average eigenvalue, we keep only those that
have variance higher than the average input variance.

If the variances of the original x; dimensions vary considerably, they
affect the direction of the principal components more than the correla-
tions, so a common procedure is to preprocess the data so that each
dimension has mean 0 and unit variance, before using PCA. Or, one may
use the eigenvectors of the correlation matrix, R, instead of the covari-
ance matrix, S, for the correlations to be effective and not the individual
variances.

PCA explains variance and is sensitive to outliers: A few points distant
from the center would have a large effect on the variances and thus the
eigenvectors. Robust estimation methods allow calculating parameters in
the presence of outliers. A simple method is to calculate the Mahalanobis
distance of the data points, discarding the isolated data points that are



EIGENFACES
EIGENDIGITS

6.3 Principal Component Analysis 127

200 (a) Scree graph for Optdigits

100

Eigenvalues

0 S—
70
Eigenvectors
4 (b) Proportion of variance explained
08r-
g
206
o
g
& 04r-
0.2
0 1 1 1 1 1 1 .|
0 10 20 30 40 50 60 70

Eigenvectors

Figure 6.4 (a) Scree graph. (b) Proportion of variance explained is given for the
Optdigits dataset from the UCI Repository. This is a handwritten digit dataset
with ten classes and sixty-four dimensional inputs. The first twenty eigenvectors
explain 90 percent of the variance.

far away.

If the first two principal components explain a large percentage of the
variance, we can do visual analysis: We can plot the data in this two-
dimensional space (figure 6.5) and search visually for structure, groups,
outliers, normality, and so forth. This plot gives a better pictorial de-
scription of the sample than a plot of any two of the original variables.
By looking at the dimensions of the principal components, we can also
try to recover meaningful underlying variables that describe the data. For
example, in image applications where the inputs are images, the eigen-
vectors can also be displayed as images and can be seen as templates for
important features; they are typically named “eigenfaces,” “eigendigits,”
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Figure 6.5 Optdigits data plotted in the space of two principal components.
Only the labels of a hundred data points are shown to minimize the ink-to-noise
ratio.

and so forth (Turk and Pentland 1991).

We know from equation 5.15 that if x ~ N (u,X), then after projection
WTx ~ N (WTu, WIEW). If the sample contains d-variate normals, then
it projects to k-variate normals allowing us to do parametric discrimina-
tion in this lower-dimensional space. Because z; are uncorrelated, the
new covariance matrices will be diagonal, and if they are normalized to
have unit variance, Euclidean distance can be used in this new space,
leading to a simple classifier.

Instance x! is projected to the z-space as

z'=WI(x'—p)
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When W is an orthogonal matrix such that WW” = I, it can be backpro-
jected to the original space as

=Wzl +

X' is the reconstruction of x! from its representation in the z-space.
It is known that among all orthogonal linear projections, PCA minimizes
the reconstruction error, which is the distance between the instance and
its reconstruction from the lower-dimensional space:

D Ikt — &2
t

As we discussed earlier, the contribution of each eigenvector is given
by its eigenvalue, and hence it makes sense to keep the eigenvectors with
the highest eigenvalues; if for dimensionality reduction we discard some
eigenvectors with nonzero eigenvalues, there will be a reconstruction er-
ror and its magnitude will depend on the discarded eigenvalues. In a
visual recognition application—for example, face recognition—displaying
%" allows a visual check for information loss during PCA.

PCA is unsupervised and does not use output information. It is a one-
group procedure. However, in the case of classification, there are multiple
groups. Karhunen-Loéve expansion allows using class information; for ex-
ample, instead of using the covariance matrix of the whole sample, we can
estimate separate class covariance matrices, take their average (weighted
by the priors) as the covariance matrix, and use its eigenvectors.

In common principal components (Flury 1988), we assume that the prin-
cipal components are the same for each class whereas the variances of
these components differ for different classes:

S; = CD;CT

This allows pooling data and is a regularization method whose com-
plexity is less than that of a common covariance matrix for all classes,
while still allowing differentiation of S;. A related approach is flexible
discriminant analysis (Hastie, Tibshirani, and Buja 1994), which does a
linear projection to a lower-dimensional space where all features are un-
correlated and then uses a minimum distance classifier.

Feature Embedding

Remember that X is the N x d data matrix where N is the number of
instances and d is the input dimensionality. The covariance matrix of x
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is d xd and is equal to XTX/N if X is centered to have zero mean (Without
loss of generality). Principal component analysis uses the eigenvectors f
XTX. Remember that the spectral decomposition is

X™X = wpw’

where W is d x d and contains the eigenvectors of XTX in its columng
and D is a d x d diagonal matrix with the corresponding eigenvalues. We
assume that the eigenvectors are sorted according to their eigenvalues so
that the first column of W is the eigenvector with the largest eigenvalye
in Di1, and so on. If XTX has rank k < d, then D;; = 0 for i > k.

Let us say we want to reduce dimensionality to k < d. In PCA, as we saw
before, we take the first k columns of W (with the highest eigenvalues),
Let us denote them by w; and their eigenvalues by A;,i = 1,...,k. We map
to the new k-dimensional space by taking a dot product of the original
inputs with the eigenvectors:

zi=wix', i=1,...kt=1..,N

Given that A; and w; are the eigenvalues and eigenvectors of X'X, for
any i < k, we have

XTX)wi = Aiw;
Premultiplying by X, we find
(XXT)Xw; = A Xw;

Hence, Xw; must be the eigenvectors of XX” with the same eigenvalues
(Chatfield and Collins 1980). Note that XX is d xd, whereas XX is NxN.
Let us write its spectral decomposition:

XX" = VEVT

Vis the N x N matrix containing the eigenvectors of XX in its columns,
and E is the N x N diagonal matrix with the corresponding eigenvalues.
The N-dimensional eigenvectors of XX are the coordinates in the new
space. We call this feature embedding.

One caution here: Eigenvectors are usually normalized to have unit
length, so if the eigenvectors of XX7 are v; (with the same eigenvalues),
we have

Vi =XWilA,i=1,...,k
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because the sum of squares of Xw; is A;. So if we have v; (column i of V)
calcu_lated and we want to get Xw;, that is, do what PCA does, we should
multiply with the square root of the eigenvalue:

zi =VivEe, t=1,..,N,i=1,... .k

When d < N, as is generally the case, it is simpler to work with XTX,
that is, use PCA. Sometimes d > N and it is easier to work with XXT,
which is N x N. For example, in the eigenfaces approach (Turk and Pent-
land 1991), face images are 256x256 = 65, 536-dimensional and there are
only forty face images (four images each from ten people). Note that the
rank can never exceed min(d, N); that is, in this face recognition exam-
ple, even though the covariance matrix is 65, 536 x 65, 536, we know that
the rank (the number of eigenvectors with eigenvalues greater than 0) can
never exceed forty. Hence we can work with the 40 x 40 matrix instead
and use the new coordinates in this forty-dimensional space; for exam-
ple, do recognition using the nearest mean classifier (Turk and Pentland
1991). The same is also true in most bioinformatics applications where
we may have long gene sequences but a small sample. In text cluster-
ing, the number of possible words may be much more than the number
of documents, and in a movie recommendation system, the number of
movies may be much more than the customers.

There is a caveat, though: In the case of PCA, we learn projection vec-
tors, and we can map any new test x to the new space by taking dot
products with the eigenvectors—we have a model for projection. We can-
not do this with feature embedding, because we do not have projection
vectors—we do not learn a projection model but get the coordinates di-
rectly. If we have new test data, we should add them to X and redo the
calculation.

The element (i, j) of XX is equal to the dot product of instances i and
j: that is, (x/)T(x/), where i,j = 1,...,N. If we consider dot product as
measuring the similarity between vectors, we can consider XXT as an N x
N matrix of pairwise similarities. From this perspective, we can consider
feature embedding as a method of placing instances in a k-dimensional
space such that pairwise similarities in the new space respect the original
pairwise similarities. We will revisit this idea later: In section 6.7, we
discuss multidimensional scaling where we use the Euclidean distance
between vectors instead of the dot product, and in sections 6.10 and
6.12, we discuss Isomap and Laplacian eigenmaps respectively where we
consider non-Euclidean measures of (dis)similarity.
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Factor Analysis
In PCA, from the original dimensions x;,i = 1,...,d, we form a new set
of variables z that are linear combinations of x;:
z=Wl(x-p)

In factor analysis (FA), we assume that there is a set of unobservable,
latent factors zj, j = 1,...,k, which when acting in combination generate

x. Thus the direction is opposite that of PCA (see figure 6.6). The goal is
to characterize the dependency among the observed variables by means
of a smaller number of factors.

Suppose there is a group of variables that have high correlation among
themselves and low correlation with all the other variables. Then there
may be a single underlying factor that gave rise to these variables. If the
other variables can be similarly grouped into subsets, then a few factors
can represent these groups of variables. Though factor analysis always
partitions the variables into factor clusters, whether the factors mean
anything, or really exist, is open to question.

FA, like PCA, is a one-group procedure and is unsupervised. The aim is
to model the data in a smaller dimensional space without loss of infor-
mation. In FA, this is measured as the correlation between variables.

As in PCA, we have a sample X = {x!}, drawn from some unknown
probability density with E[x] = p and Cov(x) = X. We assume that
the factors are unit normals, E[z;] = 0,Var(zj) = 1, and are uncorre-
lated, Cov(z;,zj) = 0,i # j. To explain what is not explained by the
factors, there is an added source for each input which we denote by €;.
It is assumed to be zero-mean, E[€;] = 0, and have some unknown vari-
ance, Var(e€;) = ;. These specific sources are uncorrelated among them-
selves, Cov(ej,€;) = 0,1 # j, and are also uncorrelated with the factors,
Cov(e;, z5) =0, Vi, j.

FA assumes that each input dimension, x;,i = 1,...,d, can be written
as a weighted sum of the k < d factors, zj,j = 1,...,k, plus the residual
term (see figure 6.7):

Xi—HMHi = Vi1Z1 +VipZy+ -+ VixzZr +€;,Vi=1,...,d
k

Xi— Ui = ZVUZJ'-*-(:','
J=1

This can be written in vector-matrix form as
X—-u=Vz+e
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Y 2 Xa z z; Z
variables O Q Q Q O O Jactors
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new
variables Q Q O Q Q O variables
Z 2 2z X, X2 X4
PCA FA

Figure 6.6 Principal component analysis generates new variables that are lin-
ear combinations of the original input variables. In factor analysis, however,
we posit that there are factors that when linearly combined generate the input
variables.

where V is the d x k matrix of weights, called factor loadings. From now
on, we are going to assume that g = 0 without loss of generality; we can
always add p after projection. Given that Var(z;) = 1 and Var(€;) = i

var(xj) = Vi + Vi + -+ Vi + Wi

255:1 v,-zj is the part of the variance explained by the common factors and
i is the variance specific to x;.
In vector-matrix form, we have
Cov(Vz + €)
= Cov(Vz) + Cov(e)
= VCov(z)VT +¥
= vwi+vy

> = Cov(x)

where ¥ is a diagonal matrix with ; on the diagonals. Because the fac-
tors are uncorrelated unit normals, we have Cov(z) = L. With two factors,

for example,
Cov(xy,X2) = Vi1V21 + Vi2V22

If x, and x, have high covariance, then they are related through a fac-
tor. If it is the first factor, then vi; and v2; will both be high; if it is the
second factor, then v;2 and vz will both be high. In either case, the sum
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I

Figure 6.7 Factors are independent unit normals that are stretched, rotated,
and translated to make up the inputs.

Vi1v21 + Vi2vze will be high. If the covariance is low, then x; and x> de-
pend on different factors and in the products in the sum, one term will
be high and the other will be low and the sum will be low.

We see that

Cov(x1, z2) = Cov(vi222,22) = vipVar(zz) = vyp

Thus Cov(x, z) = V, and we see that the loadings represent the corre-
lations of variables with the factors.
Given S, the estimator of X, we would like to find V and ¥ such that

S=vvl +¥

If there are only a few factors, that is, if V has few columns, then we
have a simplified structure for S, as Vis d x k and ¥ has d values, thus
reducing the number of parameters from d? tod - k + d.

Since ¥ is diagonal, covariances are represented by V. Note that PCA
does not allow a separate ¥ and it tries to account for both the covari-
ances and the variances. When all y; are equal, namely, ¥ = I, we get
probabilistic PCA (Tipping and Bishop 1999) and the conventional PCA is
when y; are 0.

Let us now see how we can find the factor loadings and the specific
variances: Let us first ignore ¥. Then, from its spectral decomposition,
we know that we have

S = CDCT = cD'/2D!/2CT = (CD'/2)(CDY/2)T

where we take only k of the eigenvectors by looking at the proportion oy)f
variance explained so that C is the d x k matrix of eigenvectors and D'/*
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is the k x k diagonal matrix with the square roots of the eigenvalues on
its diagonals. Thus we have

V = CD!/?
We can find ¢ from equation 6.19 as
k
Wi =5~ 3. Vi
j=1

Note that when V is multiplied with any orthogonal matrix—namely,
having the property TTT = I—that is another valid solution and thus the
solution is not unique.

S=vDVDT = vITIVT = vIvT = ywWT

If T is an orthogonal matrix, the distance to the origin does not change.
If z = Tx, then

zTz = (Tx)T(Tx) = xTTTTx = xTx

Multiplying with an orthogonal matrix has the effect of rotating the
axes and allows us to choose the set of axes most interpretable (Rencher

1995). In two dimensions,
—sin
T ( cos ¢ ¢ )

sing cosq

rotates the axes by ¢. There are two types of rotation: In orthogonal
rotation the factors are still orthogonal after the rotation, and in oblique
rotation the factors are allowed to become correlated. The factors are
rotated to give the maximum loading on as few factors as possible for
each variable, to make the factors interpretable. However, interpretability
is subjective and should not be used to force one’s prejudices on the data.

There are two uses of factor analysis: It can be used for knowledge
extraction when we find the loadings and try to express the variables
using fewer factors. It can also be used for dimensionality reduction
when k < d. We already saw how the first one is done. Now, let us see
how factor analysis can be used for dimensionality reduction.

When we are interested in dimensionality reduction, we need to be able
to find the factor scores, z;, from x;. We want to find the loadings w;;

such that
d

zj= > wixi +€jJ =1k
i=1
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where x; are centered to have mean 0. In vector form, for observation t,
this can be written as

z'=WIixt +¢Vt=1,...,N

This is a linear model with d inputs and k outputs. Its transpose can
be written as

zHT = (xH)™W+€l,vt=1,...,N
Given that we have a sample of N observations, we write
Z=XW+E

where Z is N x k of factors, X is N x d of (centered) observations, and =
is N x k of zero-mean noise. This is multivariate linear regression with
multiple outputs, and we know from section 5.8 that W can be found as

w=XTx)"1xTz

but we do not know Z; it is what we would like to calculate. We multiply
and divide both sides by N — 1 and obtain

T
(N - 1) xTx)1 XL

Ll N-1
B (xTx>‘l X'Z
N-1) N-1
= slv

and placing equation 6.26 in equation 6.25, we write
Z=XW=XS"lv

assuming that S is nonsingular. One can use R instead of S when x; are
normalized to have unit variance.

For dimensionality reduction, FA offers no advantage over PCA ex-
cept the interpretability of factors allowing the identification of common
causes, a simple explanation, and knowledge extraction. For example, i
the context of speech recognition, x corresponds to the acoustic signal,
but we know that it is the result of the (nonlinear) interaction of a small
number of articulators, namely, jaw, tongue, velum, lips, and mouth,‘
which are positioned appropriately to shape the air as it comes out of
the lungs and generate the speech sound. If a speech signal could be
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trar}sformed to this articulatory space, then recognition would be much
e.aSIer. Using such generative models is one of the current research direc-
tions for speech recognition; in chapter 15, we discuss how such models
can be represented as a graphical model.

Singular Value Decomposition and Matrix Factorization

Given the N x d data matrix X, we work with X"X if d < N or work
with XXT if N < d. Both are square matrices and in either case, the
spectral decomposition gives us QAQT where the eigenvector matrix Q is
orthogonal (Q"Q = 1) and A contains the eigenvalues on its diagonal.

The singular value decomposition allows us to decompose any N x d
rectangular matrix (see Appendix B):

X = VAWT

where the N x N matrix V contains the eigenvectors of XX in its columns,
the d x d matrix W contains the eigenvectors of XX in its columns,
and the N x d matrix A contains the k = min(N,d) singular values,
aj,i = 1,...,k on its diagonal that are the square roots of the nonzero
eigenvalues of both XXT and XTX; the rest of A is zero.

Just as in equation 6.10, we can write

X =viaw! + veapwh + -+ - + viaxw]

We can ignore the corresponding v;, w; of very small, though nonzero,
a; and can still reconstruct X without too much error.
In matrix factorization, we write a large matrix as a product of (gener-

ally) two matrices:
X =FG

where X is N x d, Fis N x k, and G is k x d. k is the dimensionality of
the factor space and is hopefully much smaller than d and N. The idea
is that although the data may be too large, either it is sparse, or there is
high correlation and it can be represented in a space of fewer dimensions.

G defines factors in terms of the original attributes and F defines data
instances in terms of these factors. For example, if X is a sample of
N documents each using a bag of words representation with d words,
each factor may be one topic or concept written using a certain subset of
words and each document is a certain combination of such factors. This
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is called latent semantic indexing (Landauer, Laham, and Derr 2004). [,
nonnegative matrix factorization, the matrices are nonnegative and thig
allows representing a complex object in terms of its parts (Lee and Seung
1999).

Let us take another example from retail where X is the consumer data.
We have N customers and we sell d different products. X;; corresponds
to the amount of product i customer N has purchased. We know that
customers do not buy things at random, their purchases depend on a
number of factors, for example, their household size and composition,
income level, taste, and so on—these factors are generally hidden from
us. In matrix factorization of consumer data, we assume that there are k
such factors. G relates factors to products: G; is a d-dimensional vector
explaining the relationship between factor j and the products; namely,
Gji is proportional to the amount of product i bought due to factor j.
Similarly, F relates customers to factors: F; is the k-dimensional vector
defining customer t in terms of the hidden factors; namely, F;; is the
belief that behavior of customer t is due to factor j. We can hence rewrite
equation 6.30 as

k
Xii = F{Gi = > Fi;Gji
j=1
That is, to calculate the total amount, we take a sum over all such
factors where for each, we multiply our belief that the customer is af-
fected by that factor and the amount of product due to that factor—see
figure 6.8.

Multidimensional Scaling

Let us say for N points, we are given the distances between pairs of
points, d;j, for all i,j = 1,...,N. We do not know the exact coordinates
of the points, their dimensionality, or how the distances are calculated.
Multidimensional scaling (MDS) is the method for placing these points il
a low—for example, two-dimensional—space such that the Euclidean dis-
tance between them there is as close as possible to d;, the given distances
in the original space. Thus it requires a projection from some unknown
dimensional space to, for example, two dimensions.

In the archetypical example of multidimensional scaling, we take the
road travel distances between cities, and after applying MDS, we get al
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N

Figure 6.8 Matrix factorization. X is the N x d data matrix. F is N x k and its
row ¢ defines instance t in terms of the k hidden factors. G is k x d and explains
factors in terms of the d observed variables. To get X;;, we consider all k factors
by taking a weighted sum over them.

approximation to the map. The map is distorted such that in parts of
the country with geographical obstacles like mountains and lakes where
the road travel distance deviates much from the direct bird-flight path
(Euclidean distance), the map is stretched out to accommodate longer
distances (see figure 6.9). The map is centered on the origin, but the so-
lution is still not unique. We can get any rotated or mirror image version.

MDS can be used for dimensionality reduction by calculating pairwise
Fuclidean distances in the d-dimensional x space and giving this as input
to MDS, which then projects it to a lower-dimensional space so as to
preserve these distances.

Let us say we have a sample X = {x'}N, as usual, where x! € R4, For
two points r and s, the squared Euclidean distance between them is

d d d d
d = I = S0 = X GE-2 Y X+ S (82
J=1 Jj=1 g=1 j=1
= Dby + bss — 2brs
where b, is defined as

d
brs = 3 X)X
g=d
To constrain the solution, we center the data at the origin and assume

N
Zx;:O,Vj-:l,...,d
t=1
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Figure 6.9 Map of Europe drawn by MDS. Pairwise road travel distances be-
tween these cities are given as input, and MDS places them in two dimensions
such that these distances are preserved as well as possible.

Then, summing up equation 6.32 on r, s, and both r and s, and defining

N
T=D>by= Z(X§)2
t=1 t J
we get
> 5
r
>d% = Nby+T
§
> Xdl = 2NT
r s
When we define

1 1 1
d = ﬁgdﬁs , d, = ﬁgd;‘; . @2 = ﬁ_ggdgs

T + Nbgg
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and using equation 6.32, we get
1
brs = E(dE. o d?s - d?. - dgs)

Having now calculated b,s and knowing that B = XX as defined in
equation 6.33, we can use feature embedding (section 6.4). We know from
the spectral decomposition that X = CD!/2 can be used as an approxima-
tion for X, where C is the matrix whose columns are the eigenvectors of B
and D'/2 is a diagonal matrix with square roots of the eigenvalues on the
diagonals. Looking at the eigenvalues of B, we decide on a dimensionality
k lower than d (and N), as we did in PCA and FA. Let us say ¢; are the
eigenvectors with A; as the corresponding eigenvalues. Note that ¢; is
N-dimensional. Then we get the new dimensions as

2= Agchi =Lkt =1, N

That is, the new coordinates of instance t are given by the tth elements
of the eigenvectors, ¢j, j = 1,...,k, after normalization.

We know that principal component analysis and feature embedding
do the same job. This shows that PCA does the same work with MDS
and does it more cheaply if d < N. PCA done on the correlation matrix
rather than the covariance matrix equals doing MDS with standardized
Euclidean distances where each variable has unit variance.

In the general case, we want to find a mapping z = g(x|0), where z €
Rk x € R4, and g(x|0) is the mapping function from 4 to k dimensions
defined up to a set of parameters 6. Classical MDS, which we discussed
previously, corresponds to a linear transformation

z=g(x|W) = Wix

but in a general case, a nonlinear mapping can also be used; this is called
Sammon mapping. The normalized error in mapping is called the Sam-
mon stress and is defined as

(2" = 2°] = 1% = x*)?
e

r,s

(lg(x710) — g(xsIO) 1l — lIx" = x°11)°

-2 X7 — xs112

r,S

One can use any regression method for g(-|0) and estimate 6 to mini-
mize the stress on the training data X. If g(-) is nonlinear in x, this will
then correspond to a nonlinear dimensionality reduction.
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In the case of classification, one can include class information in the
distance (see Webb 1999) as

d;’S = (1 - a)drs + aCrS

where ¢, is the “distance” between the classes x" and x* belong to. Thig
interclass distance should be supplied subjectively and « is optimized
using cross-validation.

Linear Discriminant Analysis

Linear discriminant analysis (LDA) is a supervised method for dimension-
ality reduction for classification problems. We start with the case where
there are two classes, then generalize to K > 2 classes.

Given samples from two classes C; and C, we want to find the direc-
tion, as defined by a vector w, such that when the data are projected onto
w, the examples from the two classes are as well separated as possible.
As we saw before,

z=wlx
is the projection of x onto w and thus is a dimensionality reduction from
dto 1.

m; and m; are the means of samples from C, before and after projec-
tion, respectively. Note that m; € R and m, € R. We are given a sample
X ={x',r'} suchthatr' =1if X' € C; and r' = 0 if x! € C>.

Zr W'I'xrrt T
mi Tr— =W m;
t
m; E Wi (1 ~ 1) =wim,
(1 —rt)

The scatter of samples from C; and C after projection are

st > (whx' —my)%r!
t

53

> wxt —my)2(1 - 1Y)
t

After projection, for the two classes to be well separated, we would like
the means to be as far apart as possible and the examples of classes be
scattered in as small a region as possible. So we want |m; — mz| 1© be
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Figure 6.10 Two-dimensional, two-class data projected on w.

large and s? + s5 to be small (see figure 6.10). Fisher’s linear discriminant
is w that maximizes

(my — my)?

2 2
s+

J(w) =

Rewriting the numerator, we get

(my-my)? = (wimy—wimy)?
= wliim; —my)(my —my)™w

where Sg = (m; —m3) (M — m3)T is the between-class scatter matrix. The
denominator is the sum of scatter of examples of classes around their
means after projection and can be rewritten as

Tyt 2.t
S% = Z(W X "m].) ¥
t

t
ZWT(X‘ —my)(x' —=my)Twr
¢
= WTS]_W
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where

S1=> r'(x' —m)(x' - m)7

t
is the within-class scatter matrix for Cy. S1/ 2. r' is the estimator of
Similarly, s3 = wTS;w with S, = 3, (1 — r') (x! — m2)(x' = m2)7 | and we
get

st +52 =wliSyw

where Sy = S; +S; is the total within-class scatter. Note that s} + s?
divided by the total number of samples is the variance of the pooled
data. Equation 6.41 can be rewritten as

wiSpw  IwT(m; — my)|?
wlSyw wTSyw

J(w) =

Taking the derivative of J with respect to w and setting it equal to 0, we
get

wi(m, - my) wl(m, - my) _
wTSyw 4 ((ml mz) wTSyw Sww | =0

Given that w (m; — my) /wTSyw is a constant, we have
w = ¢Sy (m) — mpy)

where c is some constant. Because it is the direction that is important for
us and not the magnitude, we can just take ¢ = 1 and find w.
Remember that when p(x|Ci) ~ N (y;,X), we have a linear discrimi-
nant where w = 71 (u; — u,), and we see that Fisher's linear discrimi-
nant is optimal if the classes are normally distributed. Under the same
assumption, a threshold, wy, can also be calculated to separate the two
classes. But Fisher’s linear discriminant can be used even when the classes
are not normal. We have projected the samples from d dimensions to 1,
and any classification method can be used afterward. In figure 6.11, we
see two-dimensional synthetic data with two classes. As we see, and as
expected, because it uses the class information, LDA direction is superior
to the PCA direction in terms of the ease of discrimination afterwards.
In the case of K > 2 classes, we want to find the matrix W such that

z=WTx
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Figure 6.11 Two-dimensional synthetic data, directions found by PCA and LDA
and projections along these directions are shown. LDA uses class information
and as expected, does a much better job in terms of class separation.

where z is k-dimensional and W is d x k. The within-class scatter matrix
for C; is

= > rf(x' —m)(x' —m;)T

where r{ = 1 if x' € C; and 0 otherwise. The total within-class scatter is

K
Sw = Z Si
i-1

When there are K > 2 classes, the scatter of the means is calculated as
how much they are scattered around the overall mean

1
"X Z
and the between-class scatter matrix is

K
Sp =S Ni(m;—m)(m;—m)"
i=1

with N; = 3, r/. The between-class scatter matrix after projection is
WTSzW and the within-class scatter matrix after projection is W7S;,w.
These are both k x k matrices. We want the first scatter to be large, that
is, after the projection, in the new k-dimensional space we want class
means to be as far apart from each other as possible. We want the sec-
ond scatter to be small, that is, after the projection, we want samples
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Figure 6.12 Optdigits data plotted in the space of the first two dimensions
found by LDA. Comparing this with figure 6.5, we see that LDA, as expected,
leads to a better separation of classes than PCA. Even in this two-dimensional
space (there are nine altogether), we can discern separate clouds for different
classes.

from the same class to be as close to their mean as possible. For a scatter
(or covariance) matrix, a measure of spread is the determinant, remem-
bering that the determinant is the product of eigenvalues and that an
eigenvalue gives the variance along its eigenvector (component). Thus we
are interested in the matrix W that maximizes

IWTSsW|
[WTSyW|

The largest eigenvectors of Sg,‘SB are the solution. Sg is the sum of K
matrices of rank 1, namely, (m; — m)(m; — m)T, and only K — 1 of them
are independent. Therefore, Sz has a maximum rank of K — 1 and w¢

J(W) =
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take k = K — 1. Thus we define a new lower, (K — 1)-dimensional space
where the discriminant is then to be constructed (see figure 6.12). Though
LDA uses class separability as its goodness criterion, any classification
method can be used in this new space for estimating the discriminants.

We see that to be able to apply LDA, Sy should be invertible. If this
is not the case, we can first use PCA to get rid of singularity and then
apply LDA to its result; however, we should make sure that PCA does not
reduce dimensionality so much that LDA does not have anything left to
work on.

Canonical Correlation Analysis

In all the methods discussed previously, we assume we have a single
source of data returning us a single set of observations. Sometimes, for
the same object or event, we have two types of variables. For example,
in speech recognition, in addition to the acoustic information, we may
also have the visual information of the lip movements while the word
is uttered; in retrieval, we may have image data and text annotations.
Frequently, these two sets of variables are correlated, and we want to
take this correlation into account while reducing dimensionality to a joint
space. This is the idea in canonical correlation analysis (CCA) (Rencher
1995).

Let us say we have a dataset with two sets of variables X = {x!, y! }{V: i
where x! € R4 and y' € R®. Note that both of these are inputs and this is
an unsupervised problem; if there is a required output for classification
or regression, that is handled afterward as in PCA (section 6.3).

The canonical correlation is measured as the amount of correlation be-
tween the x dimensions and the y dimensions. Let us define a notation:
Syx = Cov(x) = E[(x - u,)?] is the covariance matrix of the x dimensions
and is d x d—this is the = matrix that we use frequently, in PCA for ex-
ample. Now, we also have the e x e covariance matrix of the y, namely,
S,y = Cov(y). We also have the two cross-covariance matrices, namely,
Sy, = Cov(x,y) = E[(x - py)(y — uy) ], which is d x e, and the other
cross-covariance matrix Syx = Cov(y,x) = E[(y — puy)(x — )], which is
exd.

We are interested in the two vectors w and v such that when x is pro-
jected along w and y is projected along v, we have maximum correlation.
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That is, we want to maximize
CoviwTx,vTy)

JVar(wTx),/Var(vTy)

wlCov(x,y)v B wilSy,v
JwTvar(x)wy/vTVar(y)v WIS w,/VTS, v

Equally, we can say that what we want is to maximize w’S,,v sub-
ject to wIS,xw = 1 and v7'S,,v = 1. Writing these as Lagrangian terms
as we do in PCA and then taking derivatives with respect to w and v
and setting them equal to 0, we see that w should be an eigenvector of
Sx¢ SxySy4Syx and similarly v should be an eigenvector of S;S,,S!S,,
(Hardoon, Szedmak, and Shawe-Taylor 2004).

Because we are interested in maximizing the correlation, we choose the
two eigenvectors with the highest eigenvalues—let us call them w; and
vi—and the amount of correlation is equal to their (shared) eigenvalue
A1. The eigenvalues of AB are the same as those of BA as long as AB and
BA are square, but the eigenvectors are not the same: w; is d-dimensional
whereas v, is e-dimensional.

Just as we do in PCA, we can decide how many pairs of eigenvectors
(wi,vi) to use by looking at the relative value of the corresponding eigen-
value:

_M

Si-14;

where s = min(d,e) is the maximum possible rank. We need to keep
enough of them to conserve the correlation in the data.

Let us say we choose k as the dimensionality, then we get the canonical
variates by projecting the training instances along them:

p = Corr(wTx,vTy) =

al = wiTx',bf = V,Tyt,i =1,...,k
which we can write in matrix form as
a! — wat’ bl — VTyt

where W is the d x k matrix whose columns are w; and V is the e x K
matrix whose columns are v; (figure 6.13). This vector of (a;, bi) pairs
now constitutes our new, lower-dimensional representation that we can
then use, for example, for classification. These new features are nonre-
dundant: The values of a; are uncorrelated, and each a; is uncorrelated
with all b i J =1,
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Figure 6.13 Canonical correlation analysis uses two sets of variables x and y
and projects each so that the correlation after projections is maximized.

For CCA to make sense, the two sets of variables need to be depen-
dent. In the case of retrieval, for example, Hardoon, Szedmak, and Shawe-
Taylor 2004, there is dependence: The word “sky” is associated with a lot
of blue color in the image, so it makes sense to use CCA. But this is not
always the case. For example, in user authentication, we may have the sig-
nature and iris images, but there is no reason to assume any dependence
between them. In such a case, it would be better to do dimensionality
reduction separately on signature and iris images, hence recovering de-
pendence between features in the same set. It only makes sense to use
CCA if we can also assume dependence between features of separate sets.
Rencher (1995) discusses tests to check whether Sy, = 0, that is, whether
x and y are independent. One interesting note is that if x are the ob-
served variables and if class labels are given as y using 1-of-K encoding,
CCA finds the same solution as Fisher’s LDA (section 6.8).

In factor analysis, we give a generative interpretation of dimensionality
reduction: We assume that there are hidden variables z that in combi-
nation cause the observed variables x. Here, we can similarly think of
hidden variables that generate x and y; actually, we may consider a and
b together constituting z, the representation in the latent space.

It is possible to generalize CCA for more than two sets of variables.
Bach and Jordan (2005) give a probabilistic interpretation of CCA where

more than two sets of variables are possible.
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Isomap

Principal component analysis, which we discussed in section 6.3, works
when the data lies in a linear subspace. However, this may not hold in
many applications. Take, for example, face recognition where a face ig
represented as a two-dimensional, say 100 x 100, image. In this case,
each face is a point in 10,000 dimensions. Now let us say that we take
a series of pictures as a person slowly rotates his or her head from right
to left. The sequence of face images we capture follows a trajectory in
the 10,000-dimensional space, and this is not linear. Now consider the
faces of many people. The trajectories of all their faces as they rotate
their faces define a manifold in the 10,000-dimensional space, and this
is what we want to model. The similarity between two faces cannot sim-
ply be written in terms of the sum of the pixel differences, and hence
Fuclidean distance is not a good metric. It may even be the case that im-
ages of two different people with the same pose have smaller Euclidean
distance between them than the images of two different poses of the
same person. This is not what we want. What should count is the dis-
tance along the manifold, which is called the geodesic distance. Isometric
feature mapping (Isomap) (Tenenbaum, de Silva, and Langford 2000) es-
timates this distance and applies multidimensional scaling (section 6.7),
using it for dimensionality reduction.

Isomap uses the geodesic distances between all pairs of data points.
For neighboring points that are close in the input space, Euclidean dis-
tance can be used; for small changes in pose, the manifold is locally
linear. For faraway points, geodesic distance is approximated by the sum
of the distances between the points along the way over the manifold.
This is done by defining a graph whose nodes correspond to the N data
points and whose edges connect neighboring points (those with distance
less than some € or one of the n nearest) with weights corresponding
to Euclidean distances. The geodesic distance between any two points 1
calculated as the length of the shortest path between the corresponding
two nodes. For two points that are not close by, we need to hop over a
number of intermediate points along the way, and therefore the distance
will be the distance along the manifold, approximated as the sum of local
Euclidean distances (see figure 6.14).

Two nodes r and s are connected if ||x" — x%|| < € (while making sur¢
that the graph is connected), or if x* is one of the n neighbors of X'
(while making sure that the distance matrix is symmetric), and we set th¢
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Figure 6.14 Geodesic distance is calculated along the manifold as opposed to
the Euclidean distance that does not use this information. After multidimen-
sional scaling, these two instances from two classes will be mapped to faraway
positions in the new space, though they are close in the original space.

edge length to [[x" — x%||. For any two nodes r and s, dys is the length
of the shortest path between them. We then apply MDS on d,; to reduce
dimensionality to k using feature embedding by observing the proportion
of variance explained. This will have the effect of placing r and s that are
far apart in the geodesic space also far apart in the new k-dimensional
space even if they are close in terms of Euclidean distance in the original
d-dimensional space.

It is clear that the graph distances provide a better approximation as
the number of points increases, though there is the trade-off of longer
execution time; if time is critical, one can subsample and use a subset
of “landmark points” to make the algorithm faster. The parameter e
needs to be carefully tuned; if it is too small, there may be more than
one connected component, and if it is too large, “shortcut” edges may be
added that corrupt the low-dimensional embedding (Balasubramanian et
al. 2002).

One problem with Isomap, as with MDS, because it uses feature em-
bedding, is that it places the N points in a low-dimensional space, but it
does not learn a general mapping function that will allow mapping a new
test point; the new point should be added to the dataset and the whole
algorithm needs to be run once more using N + 1 instances.
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Locally Linear Embedding

Locally linear embedding (LLE) recovers global nonlinear structure from
locally linear fits (Roweis and Saul 2000). The idea is that each local
patch of the manifold can be approximated linearly and given enough
data, each point can be written as a linear, weighted sum of its neighbors
(again either defined using a given number of neighbors, n, or distance
threshold, €). Given x" and its neighbors xfr) in the original space, one
can find the reconstruction weights W, that minimize the error function

EY(WIX) = D IIX" = D Wrsx{, 12
r S

using least squares subject to W,, = 0, Vr and > Wys = 1.

The idea in LLE is that the reconstruction weights W, reflect the in-
trinsic geometric properties of the data that we expect to be also valid
for local patches of the manifold, that is, the new space we are mapping
the instances to (see figure 6.15). The second step of LLE is hence to now
keep the weights W, fixed and let the new coordinates z" take what-
ever values they need respecting the interpoint constraints given by the
weights:

FZ(ZIW) = D |25 = > Wysz¥||?
r S

Nearby points in the original d-dimensional space should remain close
and similarly colocated with respect to one another in the new, k-dimen-
sional space. Equation 6.57 can be rewritten as

EZ(Z|W) = > Mys(2")7 2*
rs

where

Mps = Ors — Wrs — Wy + Zwirwis
i

M is sparse (only a small percentage of data points are neighbors of a
data point: n <« N), symmetric, and positive semidefinite. As in other
dimensionality reduction methods, we require that the data be centered
at the origin, E[z] = 0, and that the new coordinates be uncorrelated
and unit length: Cov(z) = L. The solution to equation 6.58 subject to
these two constraints is given by the k + 1 eigenvectors with the smallest
eigenvalues; we ignore the lowest one and the other k eigenvectors give
us the new coordinates.
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Figure 6.15 Local linear embedding first learns the constraints in the original
space and next places the points in the new space respecting those constraints.
The constraints are learned using the immediate neighbors (shown with contin-
uous lines) but also propagate to second-order neighbors (shown dashed).

Because the n neighbors span a space of dimensionality n — 1 (you
need distances to three points to uniquely specify your location in two
dimensions), LLE can reduce dimensionality up to k < n—1. It is observed
(Saul and Roweis 2003) that some margin between k and n is necessary to
obtain a good embedding. Note that if n (or €) is small, the graph (that is
constructed by connecting each instance to its neighbors) may no longer
be connected and it may be necessary to run LLE separately on separate
components to find separate manifolds in different parts of the input
space. On the other hand, if n (or €) is taken large, some neighbors may
be too far for the local linearity assumption to hold and this may corrupt
the embedding. It is possible to use different n (or €) in different parts
of the input space based on some prior knowledge, but how this can be
done is open to research (Saul and Roweis 2003).

As with Isomap, LLE solution is the set of new coordinates for the N
points, but we do not learn a mapping and hence cannot find z’ for a new
x'. There are two solutions to this:

1. Using the same idea, one can find the n neighbors of X’ in the original
d-dimensional space and first learn the reconstruction weights w; that
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minimize

EY(WIX) = [Ix' = > wex®||?
R

and then use them to reconstruct z’ in the new k-dimensional space:
z' =) wz$
S

Note that this approach can also be used to interpolate from an Isomap
(or MDS) solution. The drawback however is the need to store the
whole set of {x!,z'} .

2. Using X = {x',z'}} | as a training set, one can train any regressor,
g(x'|0)—for example, a multilayer perceptron (chapter 11)—as a gen-
eralizer to approximate z! from x!, whose parameters 0 is learned to
minimize the regression error:

E(01X) =D llz' — g(x'10)]?
t

Once training is done, we can calculate z’ = g(x’|€). The model g(-)
should be carefully chosen to be able to learn the mapping. There
may no longer be a unique optimum and hence there are all the usual
problems related to minimization, that is, initialization, local optima,
convergence, and so on.

In both Isomap and LLE, there is local information that is propagated
over neighbors to get a global solution. In Isomap, the geodesic distance
is the sum of local distances; in LLE, the final optimization in placing z'
takes into account all local W,¢ values. Let us say a and b are neighbors
and b and c are neighbors. Though a and ¢ may not be neighbors, there
is dependence between a and c either through the graph, d,c = dap + dbe,
or the weights Wy, and Wy.. In both algorithms, the global nonlinear
organization is found by integrating local linear constraints that overlap
partially.

Laplacian Eigenmaps

Consider the data instance x" € R4, r = 1,...,N and its projection z" €
RK. Let us say that we are given a similarity value B, between pairs of
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instances possibly calculated in some high-dimensional space such that
it takes its maximum value if r and s are the same and decreases as they
become dissimilar. Assume that the minimum possible value is 0 and
that it is symmetric: B,; = B,, (Belkin and Nyogi 2003). The aim is to

min > ||z" - z°||2B,,
r,s

Two instances that should be similar, that is, ¥ and s whose Brs is
high, should be placed nearby in the new space; hence z” and z° should
be close. Whereas the more they are dissimilar, the less we care for their
relative position in the new space. B, are calculated in the original space;
for example, if we use the dot product, the method would work similar
to the way multidimensional scaling does:

Bys = (Xr)sz

But what is done in Laplacian eigenmaps, similar to Isomap and LLE,
is that we care for similarities only locally (Belkin and Nyogi 2003). We
define a neighborhood either through some maximum € distance between
x" and x*, or a k-nearest neighborhood, and outside of that we set B, to
0. In the neighborhood, we use the Gaussian kernel to convert Euclidean
distance to a similarity value:

Ix" — x5||?
s = AR [——m—

for some user-defined o value. B can be seen as defining a weighted
graph.

For the case of k = 1 (we reduce dimensionality to 1), we can rewrite
equation 6.63 as

min 1 Z(Zr — Z5)%Bys
2 r,s

r.s rs

= % (Z BrSZE -2 ZBrsZrZs s ZBrs(zs)z)
r.s

- Hsas-2gmnns Sasi)
2 2 r;s )

= Zdrz,%—zzBrszrzs
r r s

= z'Dz-2z"Bz
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where d, = Y Bys. D is the diagonal matrix of d,, and z is the N-
dimensional column vector whose dimension r, z, is the new coordinate
for x". We define the graph Laplacian

L=D-B

and the aim is to minimize z”Lz. For a unique solution, we require [/ z| =
1. Just as in feature embedding, we get the coordinates in the new space
directly without any extra projection and it can be shown that z should
be an eigenvector of L, and because we want to minimize, we choose the
eigenvector with the smallest eigenvalue. Note, however, that there is at
least one eigenvector with eigenvalue 0 and that should be ignored. That
eigenvector has all its elements equal to each other: ¢ = (1/V/N )17, The
corresponding eigenvalue is 0 because

Lc=Dc-Bc=0

D has row sums in its diagonal, and the dot product of a row of B and
1 also takes a weighted sum; in this case, for equation 6.65 to be 0, with
B;j nonnegative, z; and z; should be equal for all pairs of i, j, and for the
norm to be 1, all should be 1/+/N. So, we need to skip the eigenvector
with eigenvalue 0 and if we want to reduce dimensionality to k > 1, we
need to take the next k.

The Laplacian eigenmap is a feature embedding method; that is, we
find the coordinates in the new space directly and have no explicit model
for mapping that we can later use for new instances.

We can compare equation 6.63 with equation 6.37 (Sammon stress in
MDS). Here, the similarity in the original space is represented implicitly in
B,s whereas in MDS, it is explicitly written as || x" —x*||. Another difference
is that in MDS, we check for similarity between all pairs, whereas here
the constraints are local (which are then propagated because those local
neighborhoods partially overlap—as in Isomap and LLE).

For the four-dimensional Iris data, results after projection to two di-
mensions are given for MDS and Laplacian eigenmaps in figure 6.16. MDS
here is equivalent to PCA, whereas we see that the Laplacian eigenmap
projects similar instances nearby in the new space. This is why this
method is a good way to preprocess the data before clustering; spectml
clustering, which we discuss in section 7.7, uses this idea.
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Figure 6.16 Iris data reduced to two dimensions using multidimensional scal-
ing and Laplacian eigenmaps. The latter leads to a more dense placement of
similar instances.

t-Distributed Stochastic Neighbor Embedding

The basic aim in dimensionality reduction is the preservation of the neigh-
borhood structure. All methods calculate two neighborhood statistics,
one for the original high-dimensional space and one for the new lower-
dimensional space, and we position the data points in the new space such
that these statistics are as similar as possible.

In linear methods, the neighborhood covers the whole data, whereas in
the nonlinear methods, we explicitly define a locality where the neighbor-
hood should be preserved and we do not care for instances outside; the
global structure is found by consolidating local constraints. In Isomap
and LLE, parameters like k or € define the size of the locality; these de-
fine the neighbors with which the relationship should be preserved. In
Laplacian eigenmaps, a kernel that is inversely proportional to the dis-
tance defines the neighborhood relationship in the original space that
should be preserved.

In stochastic neighbor embedding (SNE), the neighborhood structure
is represented by probabilities calculated from distances (Hinton and
Roweis 2002). In the original space, the probability that x” would pick
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x* as its neighbor is defined as

_ exp[—IIx" — x5|12/20¢]
Sr1rexpl=llx" — x!||12/207]

Note that this is the same as the kernel used in Laplacian eigenmaps
(see equation 6.64), except that it is normalized to be a probability. ¢, de-
fines the size of the local neighborhood: It is small in high-density regions
where there are many neighbors nearby and large in low-density regions.
The neighborhood should be just large enough to include enough neigh-
bors that define constraints, but not too large to include points that are
too far.

t-stochastic neighbor embedding (t-SNE), which is the improved version
of SNE, and which is now the most frequently used method for visualizing
high-dimensional data in two or three dimensions, uses the symmetrized
version that leads to a simpler optimization problem (van der Maaten and
Hinton 2008):

_ Psir + Drls
2N
A similar probability calculation is done in the new space, but t-SNE

uses t instead of the Gaussian kernel there. The probabilities in the lower-
dimensional space are calculated as

(1+|z" — z5)1?)~!
Ars = 1 mi|2)-1
X1 Xma(l + [zl — zm||2)

The reason t is used instead of the Gaussian in the new space is that the
Gaussian decays rapidly as distance increases; the extent of the Gaussian
kernel defines a “soft boundary” between local and global structure. The
t distribution, because it has longer tails, can accommodate instances
that are farther in the original spaces without “crowding,” that is, putting
them all together, in the new space.

The aim is to learn z, so that for all pairs r, s, the new g, are as close
as possible to the original p,s. We consider p,s and g, to be drawn from
two probability distributions P and Q, and we use the Kullback-Leibler
distance to measure their difference:

KLPIIQ) = S prylog 28
r Ly

ars

s|r

Prs

Unlike the methods we discussed earlier in this chapter, we cannot ai-
alytically solve this for best z,. This optimization problem is not convex
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there is no single best solution, What we can use is gradient descent,
where we start from small random z, (centered at 0) and update them
iteratively in the direction that decreases the Kullback-Leibler distance in
small steps (see section 10.6). Another side product of nonconvexity is
that we can get a different result on the same data depending on where we
start the gradient descent. A number of tricks to accelerate convergence
are given in van der Maaten and Hinton (2008).

Notes

Subset selection in regression is discussed in Miller (1990). The forward
and backward search procedures we discussed are local search proce-
dures. Fukunaga and Narendra (1977) proposed a branch and bound
procedure. At considerable more expense, you can use a stochastic pro-
cedure like simulated annealing or genetic algorithms to search more
widely in the search space.

There are also filtering algorithms for feature selection where heuristic
measures are used to calculate the “relevance” of a feature in a prepro-
cessing stage without actually using the learner. For example, in the case
of classification, instead of training a classifier and testing it at each step,
one can use a separability measure, like the one used in linear discrim-
inant analysis, to measure the quality of the new space in separating
classes from each other (McLachlan 1992). With the cost of computation
going down, it is best to include the learner in the loop because there
is no guarantee that the heuristic used by the filter will match the bias
of the learner that uses the features; no heuristic can replace the actual
validation accuracy. A survey of feature selection methods is given by
Guyon and Elisseeff (2003).

Projection methods work with numeric inputs, and discrete variables
should be represented by 0/1 dummy variables, whereas subset selection
can use discrete inputs directly. Finding the eigenvectors and eigenvalues
is quite straightforward and is part of any linear algebra package. Factor
analysis was introduced by the British psychologist Charles Spearman to
find the single factor for intelligence which explains the correlation be-
tween scores on various intelligence tests. The existence of such a single
factor, called g, is highly disputed. More information on multidimen-
sional scaling can be found in Cox and Cox (1994).

The projection methods we discussed are batch procedures in that they
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require that the whole sample be given before the projection directiong
are found. Mao and Jain (1995) discuss online procedures for doing pcy
and LDA, where instances are given one by one and updates are done
new instances arrive. Another possibility for doing a nonlinear projectjor,
is when the estimator in Sammon mapping is taken as a nonlinear fyn.
tion, for example, a multilayer perceptron (Mao and Jain 1995). It is as,
possible but much harder to do nonlinear factor analysis. We introduyce
multilayer perceptrons in chapter 11 and more specifically discuss how
they can be used for dimensionality reduction in section 11.9. When the
models are nonlinear, it is difficult to come up with the right nonlinear
model; you also need to use complicated optimization and approximation
methods to solve for the model parameters.

Laplacian eigenmaps use the idea of feature embedding such that given
pairwise similarities are preserved; the same idea is also used in kernel
machines where pairwise similarities are given by a kernel function, and
in chapter 14, we talk about “kernel” PCA, LDA, and CCA. Just as we
implement polynomial regression by using linear regression where we
consider high-order terms as additional inputs (section 5.8), we can do
nonlinear dimensionality reduction by mapping to a new space by using
nonlinear basis functions. That is the idea in kernel methods that allow
us to go further than dot product or Euclidean distance for similarity
calculation.

Matrix decomposition methods are quite popular in various big data
applications because they allow us to explain a large data matrix using
smaller matrices. One example application is recommendation systems
where we may have millions of movies and millions of customers and
entries are customer ratings. Note that most entries will be missing and
the aim is to fill in those missing values and then do a recommendation
based on those predicted values (Koren, Bell, and Volinsky 20009).

There is a trade-off between feature extraction and decision making.
If the feature extractor is good, the task of the classifier (or regressor)
becomes trivial, for example, when the class code is extracted as a new
feature from the existing features. On the other hand, if the classifier
is good enough, then there is no need for feature extraction; it does its
automatic feature selection or combination internally. We live between
these two ideal worlds.

There exist algorithms that do some feature selection internally, though
in a limited way. Decision trees (chapter 9) do feature selection while
generating the decision tree, and multilayer perceptrons (chapter 11) do
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terms without needing to explicitly represent the documents as vectorg Using
for example, the bag of words representation. '

10. How can we incorporate class information into Isomap or LLE such thy; in-
stances of the same class are mapped to nearby locations in the new space;
SOLUTION: We can include an additional penalty term in calculating distanceg
for instances belonging to different classes; MDS will then map instances
the same class to nearby points.

11. In factor analysis, how can we find the remaining ones if we already knqy,
some of the factors?
SOLUTION: If we already know some of the factors, we can find their loadings
by regression and then remove their effect from the data. We will then g
the residual of what is not explained by those factors and look for additiona)
factors that can explain this residual.

12. Discuss an application where there are hidden factors (not necessarily linear)
and where factor analysis would be expected to work well.
SOLUTION: One example is the data of student grades at a university. The
grade a student gets for a set of courses depends on a number of hidden
factors—for example, the student’s aptitude for the subject, the amount of
time he/she can allocate to studying, the comfort of his/her lodging, and so
on.

13. In t-SNE, when calculating the probabilities in the original space, instead of
the Euclidean distance we can also use the Mahalanobis distance. What are
the advantages and the disadvantages?

14. Just because a dimensionality reduction method can find a mapping to a
lower-dimensional space does not mean that it is a good mapping. How can
we assess the quality of a mapping found?
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